In this paper, we are mainly interested to nd sucient conditions for some integral operators dened by generalized Struve functions. These operators are normalized and as well as univalent in the open unit disc U. Some special cases of Struve functions and modied Struve functions are also a part of our investigations.
Introduction and preliminaries
Let A be the class of functions of the form
analytic in the open unit disc U = {z : |z| < 1} and S denotes the class of all functions in A which are univalent in U.
. The function u v,b,c is analytic in U and is the solution of the dierential equation The function u v,b,c is introduced and studied by Orhan and Yagmur [24] and further investigated in [3, 30, 32] .
It is known as generalized
Recently, many mathematicians have set the univalence criteria of several those integral operators which preserve the class S. By using a variety of dierent analytic techniques, operators and special functions, several authors have studied univalence criterion, a few of them are as mentioned below.
Kanas and Srivastava [20] , and Deniz and Orhan [13, 14] studied univalence criteria for analytic functions dened in U by using the Loewner chains method. Kiryakova, Saigo and Srivastava [21] obtained some univalence criteria for certain generalized fractional integral and derivatives, accompanying all the linear integro-dierential operators. In 2010 Baricz and Frasin [4] studied some integral operators involving Bessel functions. These integral operators were dened by using the normalized Bessel functions of the rst kind. Frasin [18] and Arif and Raza [2] studied the convexity and strongly convexity of the integral operators dened in [4] . Recently Deniz et al. [16] and Deniz [10] studied the integral operator dened by generalized Bessel functions of order v. For further details of these univalence criterion, we refer the readers to [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 25, 26, 27, 28] . Motivated by the work of these above authors, we contribute to this univalence theory by studying the univalence of integral operators involving generalized Struve functions. These operators are dened as follows:
In order to derive our main results, we need the following lemmas.
1.1. Lemma. [26] Let β and d be complex numbers such that Re (β) > 0 and |d| ≤ 1,
If the function f ∈ A satises the following inequality
then the function F β dened by
is in class S of normalized univalent functions in U.
1.2. Lemma. [29] If f ∈ A satises the following inequality
for all β ∈ C such that Re (β) ≥ Re (α) , then the function F β dened by (1.13) is in the class S of normalized univalent functions in U.
1.3. Lemma. [25] Let the parameter λ ∈ C and θ ∈ R be so constrained that
If the function q ∈ A satises the following inequality
is in the class S of normalized univalent functions in U.
1.4. Lemma. [22] (Schwarz lemma) Let f (z) be the function regular in the open unit
has one zero with multiplicity order greater than m for z = 0, then
the equality can hold only if
where θ is constant.
Inequalities involving in our Main Results
2.1. Lemma. [24] If b, v ∈ R, and c ∈ C,
are so constrained that
then the function u v,b,c : U → C dened by (1.8) satises the following inequalities:
iii.
Proof. For the proof of the rst three inequalities, see [24] . In order to prove the assertion (iv) of Lemma 2.1, we will use the well-known triangle inequality and the following inequalities
Now, consider that
Univalence of Integral Operators Involving the Generalized Struve Functions
The inequalities established in Lemma 2.1, will be used to nd the sucient conditions for univalence of the integral operators dened in (1.10) when the functions u v i ,b,c (z) (i = 1, 2, ..., n) belong to the class A and the parameters αi ∈ C/ {0} (i = 1, 2, ..., n) and β ∈ C are so constrained that the integral operator in (1.10) is well dened.
3.1. Theorem. Let v1, . . . , vn, b ∈ R, c ∈ C and ki > 7|c| 24
Suppose k = min {k1, k2, . . . , kn}, Re (β) > 0, c ∈ C/ {−1} and αi ∈ C/ {0} (i = 1, 2, ..., n) and these numbers satisfy the relation
then the function W v 1 ,...,vn,b,c,α 1 ,...,αn,β : U → C dened by (1.10) is in the class S of normalized univalent functions in U.
Proof. By setting β = 1 in (1.10) so that
First of all, we observe that, since u v i ,b,c (z) ∈ A (i = 1, 2, ..., n),
therefore, we observe that W v 1 ,...,vn,b,c,α 1 ,...,αn,1 (z) ∈ A , that is,
On the other hand, it is easy to see that
From (3.1) , we obtain
By using the assertion (iii) of Lemma 2.1, for each vi (i = 1, 2, ..., n), we obtain
Now as it is shown that the function
, is decreasing function. Therefore
.
Now using the Lemma 1.1 and the triangle inequality, we get
This implies that W v 1 ,...,vn,b,c,α 1 ,...,αn,β ∈ S, which completes the proof of Theorem 3.1.
By setting α1 = α2 = ... = αn = α in Theorem 3.1 we will obtain the result given below 3.2. Corollary. Let v1, . . . vn, b ∈ R and c ∈ C and ki > 7|c| 24
Suppose k = min {k1, k2, . . . , kn}, Re (β) > 0 and α ∈ C\ {0} (i = 1, 2, ..., n) and these numbers satisfy the relation
Our second main result, to nd the sucient univalence conditions for an integral operator of type (1.11) . The key tools in the proof are Lemma 1.2 and the inequality (iii) of Lemma 2.1.
3.3. Theorem. Let v1, . . . , vn, b ∈ R and c ∈ C and ki > 7|c| 24
Suppose k = min {k1, k2, . . . , kn} and Re (γ) > 0 and these numbers satisfy the relation n |γ| Re (γ)
then the function X v 1 ,...,vn,b,c,n,γ : U → C dened by (1.11) is in the class S of normalized univalent functions in U.
Proof. Consider the function
We observe that
By using the assertion (iii) of Lemma 2.1 and the fact that
we have
Now, since Re (nγ + 1) > Re (γ) and the function can be written in the form of
From Lemma 1.2 implies that X v 1 ,...vn,b,c,n,γ ∈ S, which completes the proof of Theorem 3.3.
By setting n = 1 in Theorem 3.3, we get the following result.
3.4. Corollary. Let v, b ∈ R and c ∈ C and k > 7|c| 24
Suppose Re (γ) > 0 and these numbers satisfy the relation
, is in the class S of normalized univalent functions in U.
Next, by applying the Lemma 1.4 and the inequality (iv) of Lemma 2.1, we get the following result.
3.5. Theorem. Let q(t) ∈ A, λ be a complex number such that Re(λ) ≥ 1, M be a real number and M > 1,
then the function (1.12) is in the class S.
Proof. Let us consider the function
which is regular in U. Consider the function
where the constant |λ| satises the inequality (3.3) . From (3.4) and (3.5) , it follows that
With the help of (3.2) , (3.6) becomes
From (3.6) , we obtain h (0) = 0 and by using the Schwarz-Lemma we have
for all x ∈ [0, 1] . From (3.3) and (3.10) , (3.9) becomes
Hence from Lemma 1.2, it is clear that for Re(λ) = 1 the integral operator (1.12) is in S.
Now, we discuss some special cases on the behalf of the above mentioned theorems.
Some Special Cases of Struve Functions and Modied Struve Functions Struve Functions
We obtain the Struve function of rst kind of order v, denoted by Hv(z), dened by (1.4) by setting b = c = 1 in (1.8) . Let Hv : U → C be dened as , belongs to the class S when the following inequality holds.
n |γ| R (γ)
